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2.  ¯ (Combinatorial identity)
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1. ùk
¥uÉkbå b 	}íÆ, ¥<Àí1, ×¶}íA·.Þ Bbàí
¯U·u¦àí¯U, Wà N u£cbíÕ¯, R=( 1;1) H[FíõbFAíÕ¯
à0 j².°bçäí½æu¥_Æíñí5ø 1.uFí½æ·ªJà
0Vj² OuàªJíu, ¦¥<j¶ªs q] 1/ÜùA 9õ,, ñÑ
¢´ø<'¿S ½bí!É?à0íj¶Vp
Q-VBb}àø<Àí0Xx, dÓb Ó9K 0 0}Ób ò
b Ï (moment) £©tí×b¶ (Law of Large Numbers, LLN) . -Þuø<
Ôí1
×àÌG}Ó: Ób (r.v.) X  Un . X ¦MÊ£cbÕ¯ f1; 2; : : : ; ng, C6uLS
n _õbFAíÕ¯ ©ø_b¦í0u 1
n
 Wà,
<ú$: s_!£Cu¥, |Ûí0®u 1
2
.
Õúä: ý|Ûíª? : 1; 2; 3; 4; 5; 6, ©ø|Ûí0·u 1
6
.
Ê (0; 1) ,í©/ÌG}Ó: X  U(0; 1): ç x 2 (0; 1); wòb f(x) = 1; J x =2
(0; 1);  f(x) = 0 . U(0; 1) = (1; 1) . (a; b) íì2à-:





; J x 2 (0; 1);
0; J x =2 (0; 1):







xa 1e xdx;  (n+ 1) = n! :
2.  ¯












p: ¥_0øiõ, g)'À, è6ªJtOAÐp pí;¶à©/}
Óíòbw	}Mu 1, J£Ê×àí8, w0í¸u 1 éBbpüË-V:
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 òb f(x), x 2 I () f  0, R
I
f(x)dx = 1 (I  R1; ÑÌCÌÌÈ)
 ×à}ÓÊø_ªbíÕ¯ Id ,, fpj > 0; j 2 Idg ()
P
j2Id pj = 1
5?Ób X  (n  k + 1; k + 1) íòbà-:
f(x) =
xn k(1  x)k
B(n  k + 1; k + 1) ; x 2 (0; 1):















































n  j + 1 = ():
*31: à.°íj¶p ()
3. øÂäíõð, tý?
cqBbs_.°ít (fair) ä, øø ä©øÞ,}ý 1, 2, 3, 4, 5,
6, b|Ûí0®u 1
6
. <¥s_ä, J X1 D X2 }H[s_ä,øÞíbå
BbEíu¥s_båí¸ S2 = X1 +X2 . .Øõ| S2 íMDw|Ûí0à-:
























ÛÊ½ø_¥¬Ví½æ: cqs_ä, Õ7ßÖJ(, êÛbí¸ S2 u 2  12 5
Èícb, |Ûí0£ßD () ø ¥øÂäøìutíý?
£üíu: .øì Äà-, 5?s_Ôí8:




ä A: 1, 2, 2, 3, 3, 4. ä B: 1, 3, 4, 5, 6, 8 .
< A D B, ) X1 D X2, lw¸ S2 = X1 +X2 .
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*3 2: p S2 íMÊ 2  12 5È|Ûíª?4D () ø (éÍ¥s_ \Ôí" 
ä·.utí)
8 2: s_.°íÓK, ø_uûÞñíä, Çø_ub
ûÞñä: ûÞñíû_Þ}, 1, 1, 4, 4, ©øÞ|Ûí0u 1
4
.
b:  18 _óm$íä, }àJ-båp:
1; 2; 2; 3; 3; 3; 4; 4; 4; 5; 5; 5; 6; 6; 6; 7; 7; 8 ©|Ûí0u 1
18
.
·<, ûÞñä \°" s_!íwÞ, 1 ¸ 4, ©_|Ûí0u 1
2
. b \
°" Êø_·ä2[718 å7: øå7, \1", så7, \2", úå7, \3", úå7
, \4", úå7, \5", úå7, \6", ùå7, \7", øå7, \8" ©å7\
í0u 1
18
, ªJ'ñqz 1 U 8 U7í0|V
ÛÊd_õð, ú¥s_.°íÓK, pw!:
X1 = <ûÞñäF)íbå (wÞ¿t),
X2 = bF)íbå (7,FíU{)
*3 3: p S2 = X1 +X2 íMu 2  12 Èícb, w|Ûí0D () í0ø_ø
 â¤ª)|Bó!?
4. N, ìN×Ý5ð




Yjd: 5ªJ²Ïà n _äV2,
n = 1; 2; 3; 4;5; 6; 7; 8; 9;10; 11; 12; 13; 14;15; 16; 17; 18; 19;20.
< n _ä, J X1; X2; : : : ; Xn Vp)íõb v|w¸ Sn Dw	 Pn :




àà n (= 1; 2; 3; 4; 6; 7; 8; 9; 11; : : : ; 19) _ä2¥_Yj, ÛbG| $n í¿{,
J Sn = Pn }=) $n
3 í¿{ àà n (= 5;10;15;20) _ä2¥_Yj, ÛbG
|í¿{¸ªJ=í¿{à-:
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n = 5, G $100, = $100,000;
n = 10, G $200, = $200,000;
n = 15, G $1,000, = $1,000,000;
n = 20, G $2,000, = $2,000,000
½æ: 5, 10, 15 ¸ 20 BóÔ?
½æ½ : IÕ¯ A = f1; 2; 3; 4; 5; 6g / n 2 N J x1; : : :, xn uâ A ÓÖË|,
¥<båª?}½µ, tjJ-í<JÇ.ìj (Diophantine equation):
x1 +   + xn = x1    xn: (  )
j: àj (  ) j, =í0u£í, 1J Wn = P[Sn = Pn] [ý, 6ÿu
}=Àç $n3 CyÖ àj (  ) Ìj, =)Yjí0u Wn = 0 -Þ| n
* 1  5 í8$:
8 1: n = 1 ) trivial, W1 = 1 .
8 2: n = 2 ) (2; 2) ) W2 = 2!2! 162 .
8 3: n = 3 ) (1; 2; 3) ) W3 = 3!1!1!1! 163 .
8 4: n = 4 ) (1; 1; 2; 4) ) W4 = 4!2!1!1! 164 .













*3 4: v|ç n = 6; 7; : : : ; 20 vj (  ) íj
5}êÛ Wn > 0, ç n = 6; 7; : : : ; 14; ¨Ö n = 10 . 9õ,Ê8 n = 10, j
 (  ) 5jÑÿ_ 1 ¸s_ 4 (¸D	ÌÑ 16), 7 W10 = 10!8!2! 1610 , 0'üOu£
í 5ªtOTÜ8 n = 11; 12; 13; 14, }<;.í!
|<eí!: ç n = 15, j (  ) ³j! FJ=í0u W15 = 0, 6ÿuà
15 åä2¥_Yjøì
Q-V: ç n = 16, 17, 18, 19, Wn > 0, .¬ç n = 20, =í0¢u W20 = 0, 6ÿu
à 20 åä2¥_Yj;³}=
½æ: à	ÒªJé	îà 20 _J,íä2¥_Yj, }êÞÝó8? tjç n > 20
í.ìj (  ) .
íu, 'ñqÿªJêÛ W21 > 0; W22 = 0; W23 > 0; W24 = 0, 7 Wn > 0,
n = 25; : : : ; 30 ç n = 31 v, ¢) W31 = 0 
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Å: j (  ) Ìjí n M|Ûí1.d (ÞÌjí8}|ÛÊ n =34, 35, 36,
38, 43, 44, 46, 48, 49, 1/´yÖ
;: ÌÌÖ_ n U)j (  ) Ìj
½æ: BbêÛ W5 > 0; W10 > 0; W15 = 0; W20 = 0 . 	ÒÄ¤ø 15 ¸ 20 àÔyí
Äñå[ýu'péí, AÍ7ÍË}½: ÑBó 5 ¸ 10 6bàÄñå[ý?
: sª?:
 Bbq;*	ÒCiðíÒ, ¥uÔàVÏûCÜù¬îp	íj¶




Weierstrass ìÜ (1885)1 : L<ì2Êä£È [a; b] í©/b f , ·ªJàÖá
Pn VÌGËV¡
·<, ¥uø_·H4í! (a qualitative result), 1³N|àSZàVV¡ f íÖá
 -ø_!yõà













xk(1  x)n k; x 2 [0; 1]; n = 1; 2; : : : :
ç n!1, Bn(x) (Ê sup norm 5-) }ÌGËY¹ f(x); x 2 [0; 1] .
pí;¶: S. N. Bernstein2 (18801968) ¥P±í>gbçðÊ 1912, 6ÿu
øì, ê[7Fíp p2à7O±í Chebyshev .
P[jX   aj > "]  V ar[X]="2
Dø<w, ¥³ a = E[X]; " > 0 Bernstein í;¶mÀ¢ÜùA:
	ì x 2 [0; 1], d n Öí Bernoulli tð (Bernoulli's trials)3 , ©tð Xi = 1
1ô.©è: Weierstrass V¡ìÜ, bçfÈ22»3;µ}&ü: ú | Weierstrass bÜ, bçfÈ34»
4
2Sergei Natanovich Bernstein (18801968), >gbçð, (ØA, 1904ÊÑ-×ç,>í²=dj²7Æ}jí
+Ô19½æ, úR}j }S 0DV¡Ü·õ.
3ô.©è:Bernoulli bD Bernoulli Öá (,), bçfÈ16»2; Bernoulli bD Bernoulli Öá (-), bçf
È 16 » 3 ; Bernoulli ÖáD©/4¸«n, bçfÈ 35 » 2 ;2 Pascal ä³D Bernoulli Öá£
Euler Öá, bçfÈ37»1
 ¯ Hb£}&2ªà0j²í½æ 39
C 0 í0}u x D 1  x . bí¸ Sn = X1 +    +Xn uø_Ób, xJ n
D x Ñ¡bíùá}Ó (binomial distribution) pÑ





xk(1  x)n k; k = 0; 1; : : : ; n:
ÛÊâ Bernoulli ×b¶ (Bernoulli LLN) ):
Sn
n








ËøT: D 2013 uÔíø ß_ÅÒZ£Ó 2013u$lÔ, ñíu
S úì ×b¶ø|ÛÊ Jacob Bernoulli4 Fíz \Ars Conjectandi" 2
6. ° X + Y = XY íj
íl, Bóu X ¸ Y ? 'ñqÿªJ, à X;Y í<2.°ÿ}ßÞ.°í!
 à X; Y ucb,  X = Y = 0 C X = Y = 2, )s_j
 à X; Y uõb,  X ¸ Y ·.}u1 úkLS a 6= 1, Bb)
X = a; Y =
a
a  1 (C X, Y ú|), 6ÿuÌÌÖj
 à X ¸ Y uµb, /Ñ z = a+ ib í$, w2 b 6= 0, ÿ}ÌÌÖjà-:
X = z; Y =
z
z   1 (C X;Y ú|).
 cq X ¸ Y uÓb (r.v.), )}Ój (distributional equation):
X + Y
d
= XY (Ê}Ób<2-í) .
BbÛÊíLu·H X ¸ Y , 6ÿuv|wMí¸¸}Ób (distribution)
à X ¸ Y í}Ób.°, CÝÓÖ, ¥_½æóçØ7/õVNÌj 
ú°}Ób/ÓÖí X ¸ Y <ª
_ 1: q X ¸ Y íu°}Ób F uú/"ú©/, I f(x) = F 0(x) Ñwò cq









= XY () f(x) = 1

p
4  x2 ; x 2 ( 2; 2) (¥£ý}Ó(Arc-Sine Law)):
4Jacob Bernoulli (16541705), +ðí2VÖbçð5ø, ú	}D0½bõ. Ékwðíª¡5 bç0ð |
.ðí, bçfÈ4»2;BERNOULLI b: ø_ç6ðí, bçfÈ15»1
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k}4p (J¥): âs_ÖíÓb (r.v.) X ¸ Y Çá, ÊÈ ( 2; 2) ,b·
¥£ý}Ób, úkÏ ak = E[X
k]; bk = E[Y
k]; k = 1; 2; : : : ; ):
a2k 1 = E[X2k 1] = 0; a2k = E[X2k] =
Z 2
 2






ÄÑ X D Y ·uú, ¸D	íJb¼Ï (odd order moments) ÑÉ, 6ÿu




















}Óbíñø4: (Hausdor Ï½æ) Ê°øäÈís_}ÓbJ øí Ï
å, }Óbuó°í
â¤ªJ,!: àÊÈ ( 2; 2) ,, F u¥£ý}Ób,  X + Y d= XY .
.b4p: âX+Y
d







 yâ Stirlingt) limk!1(m2k) 1=(2k) =
1=2, Ä¤Å Carleman K (Carleman's condition):
P1
k=1(m2k)
 1=(2k) = 1 úk






; k = 1; 2; : : : ; u¥£ý}Óbíºb¼Ï, FJ)!: F uÊ
( 2; 2) È,í¥£ý}Ób
_ 2: q X ¸ Y u×àÓb (discrete r.v.), bí}Ób F u¼Gb (step-
wise function); ³òb Bbà-í!:
úLø n 2 N; ªJZø_×àÓb (discrete r.v.) X, ¦MÊ n + 1 _bFAíÕ




pí;¶: BbbÊÈ [ 2; 2] 52²| n + 1 _b fx0; x1; : : : ; xng, U) xi + xj
¸ xixj ·rÊ/ø_ó°íÕ¯³ ¥ud)í, Wà:
xj = 2 cos(2cj); c = 1=(2n+ 1); j = 0; 1; : : : ; n;
P[X = 2] =
1
2n+ 1
; P[X = xj] =
2
2n+ 1
; j = 1; 2; : : : ; n:
ÛbIõ-2ð X +Y D XY ó°íÏå, Í(aJ,í}Óbñø4)F
bí!
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7. ÓØ¥Ü | Ó¼	5×í]9
¥_.ª2í]9ªJà-ÇV[ý:
4        ?  ?!       [
cq
i 4 uø#f, ¬i [ uøB®, 2Èí  uøå¢÷¢Àí×ä ½U ? H[í
i3i, Ì¶²ìv²Bó ;W, ¥Á×äTGÊË, |(§7 ¥6uBbà.H
j)íÄ ¥_]9 (öõCZ) íVÄu J. Buridan, FJ×äJ BD [ý, H[Ó¼
	 (Buridan) í×ä ÉkÓ¼	à-:
Jean Buridan (1300136?): ¶Åïçð, j4ð (=¼gÖ,íJÓ6), Sorbonne í`
¤ ÊÑ-uVF¶øíAÓ, ÔÊ,¼þ} (high-life circles) Ñ7F¸YÑí}9, _






¥_]9ªJÑb_·H D , üì4CÓ4, íbç_ D ªJu×äCÓ
ÜÅäC$ gCß
üì4_ (Deterministic Model): cq D (×äCuÓÜÅä) Ê [0; 1] È, (mo-
tion) 0¸ 1uÜùõ (çAu4¸ [)  Díjudìí, BbNì DÊ©ø¥
íj, 6ÿuíj²¸híP0 cq D âõ x0 2 [0; 1] Çá, à x0 = 0, D
%¬; à x0 = 1, D %
 D }
¬>, Wàu r-l-r-l-r-l-    (r=¬, l=
)
	ìø_bå  2 (0; 1), /Sà -rule: àÊvÈ n, D íP0u xn, 5( D 
híõ xn+1, C
C¬, ×íªWu , 6ÿu, à D %¬, híP0u
xn+1 = xn + (1  xn); à D %
,  xn+1 = (1  )xn . -ÇBbà-j)  H
[×ä, ªJ 4 Cu [, ÿæºí}
4            !       [
!: Jb fxn; n = 0; 1; : : :g ·H D í, ¥_b.Y¹ Ouís_äb, `J
b' fx2n+1g ¸ `Xb' fx2ng, ÌY¹ÌM, wÌà-:
L1 =
1  
2  ; L2 =
1
2  :
42 bçfÈ 37»4 ¬10212~
!: |, D }Êõ L1 ¸õ L2 5ÈÖÓ (oscillate) ÔW: à  =
1
2






. 'péË, úLø  2 (0; 1), ×ä¯±Ì¶õ (end points) 0 C 1  ª
Wí BD!
(0,1) ,íÓ (random motion): cq D âõ x0 2 (0; 1) ÇáÓ ÓNíu
s6: D íj², ªJ% 0 C% 1, J£hP0
ø_$, w|Û£Þ (H) ¸¥Þ (T) í0®u p ¸ q = 1  p. à) H, D
%¬; à) T , D %
 FJ, D %¬í0u p, %
í0u q = 1 p.
D íhP0uø_Ób (/©/íÌG}Ób), CuÊ (x0; 1) CuÊ (0; x0)





0 = 4        q  p!       [ = 1





= ;   (p; q); f(x) = x
p 1(1  x)q 1
B(p; q)
; x 2 (0; 1):
gíz¶: Óå (random sequence) fXn; n = 0; 1; : : :g uZvïªÚ (ergodic
Markov chain), J (p; q) ÑwZv}Ó (ergodic distribution), 7/xSY¹§
¥u_Òø  }ÓíäéíÀj¶
Bk¢Ú¢Àí×ä, *V³®`Eâõ'(`dream' points) 0 ¸ 1, FJu_7K
í! ÇÕ, D üì}® 0 C 1 í_uæÊí
8. wªà0j²í½æ
éBbõÇÕs_Wä, yÖWä~c¡5e






; Re z > 1:
±ít (2) = 2=6 Dø<éNítªJ'ñqË*a}Ó (Cauchy distribu-





X ís_Öó X1 ¸ X2, v|	 Y =X1X2 íòb g Í(à
R
g(y)dy=1 .
 Kolmogorov-Feynman-Kac t (Kolmogorov-Feynman-Kac formulas). ¥<uà
Vj/éù¼ÆCÓ(R}jít ¥<R}jíjªJàïªÚ¬
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 (Markov process) /øíMV[ý, u Ito^ íÓ}j(stochastic
dierential equation) íñøj, Ê¤.dÌÜ ¥<t AúR}j°bM
jvFàíPËµïªÚªj¶ (Monte Carlo Markov Chain methods) í!
9. *3D&j½æ





x1 +   + xn
xe1 +   + xen





1  2  3 +
1
4  5  6 +
1














 = 9 + 2p3
27
:
(d) pC¥: Ê 2 í42, c 2, 4, 8, 64, 2048 uÓÇâXbbåAíb, wb






¥<·uíe, ½æ6'<2, j¥<½æÛb.°bç}Xíø ,ÞT
í3æDwéNí3æ·uçÞ*3dlåíßæ ÝB, ªJuø_û
FíÔ
{ N¬.°íbç;¶ h1 !¸pc¯ín, çÞªJÖj§ï AÍ7ÍË,
çÞÿ}­pø<hí xD4íbç½æ












Bè6, Ôu/ACuVíbçð, úd2FTíø<æ>E à
è6LS½æC, ¡CàÚäsKDB:ß
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Note added in proof: In the Spring of 2013, together with P. Kopanov (Plovdiv Univer-
sity, Bulgaria), we decided to look closer to the Conjecture in Section 4. We have prepared
a paper which will be submitted for publication soon:
Kopanov, P. and Stoyanov, J. (2013). Dice, urns, balls, random experiments, sums and
products of points, casino numbers.
In this work we studied in detail the Diophantine equation (  ). In particular, any
n for which (  ) does not have a solution is called a casino number. One of the results,
given with complete proof, is that there are innitely many casino numbers. Hence, the
Conjecture is proved to be true. We have given a few interesting extensions and formulated
some open questions.
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